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ABSTRACT
We generalize the technique of Markov Extension, introduced by
F. Hofbauer [10] for piecewise monotonic maps, to arbitrary smooth in-
terval maps. We also use A. M. Blokh's [1] Spectral Decomposition, and a
strengthened version of Y. Yomdin’s [23] and S. E. Newhouse's [14] results
on differentiable mappings and local entropy.

In this way, we reduce the study of C™ interval maps to the consideration
of a finite number of irreducible topological Markov chains, after discarding
a small entropy set. For example, we show that C° maps have the same
properties, with respect to intrinsic ergodicity, as have piecewise monotonic

maps.

1. Introduction

We consider the measurable dynamical system defined by a C™ self-map f of
the interval. Following the “intrinsic” point of view introduced by B. Weiss [22],
we do not distinguish a priori one invariant measure but we are interested in all
(ergodic) invariant, probability measures with large entropy. Particularly we ask:

How large is Max(f), the set of maximal measures, i.e., ergodic,
invariant, probability measures which maximize metric entropy?
What conditions do imply intrinsic ergodicity, that is, existence
of a unique maximal measure?

F. Hofbauer [10] has studied in this respect piecewise monotonic maps, i.e.,
interval maps with finite critical and discontinuity sets. He has shown that, for
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these maps, Max(f) is never empty and is finite as soon as the topological entropy
of f is positive. Here we show that these results remain when the finiteness of
the critical set is replaced by a smoothness assumption. E.g., for a C* map,
whose critical set can be uncountable, we have:

THEOREM 1.1: Let f: [0,1] — [0,1] be C*®. If the topological entropy of f is
positive (heop(f) > 0), then:

(1) Max(f) is non-empty and finite,

(2) topological transitivity implies intrinsic ergodicity.

In section 2 below we state the results of this paper. We then proceed to
the proofs. In section 3, we deduce from Y. Yomdin’s theory on differentiable
mappings {23] a bound on “local entropy”, which seems of general interest. It
allows us to get a simple proof of Newhouse’s existence resuit. In section 4,
we use this bound to study the topological entropy in A.M. Blokh’s Spectral
Decomposition [1]. In this way, we prove a topological multiplicity theorem
about “transitive components”.

In section 5, we study the structure of “transitive components”, so that the
previous multiplicity result gives the result above. We do it by generalizing
methods of F. Hofbauer [10]: we represent the smooth system by building its
“Markov extension”, i.e., a topological Markov chain, and prove an isomorphism
theorem.

An important feature of this generalization is that it can be applied to some
non-trivial classes of multi-dimensionel dynamical systems [5].

ACKNOWLEDGEMENT: 1 am indebted to Philippe Thieullen for many
discussions which have greatly improved this paper, as well as for introducing
me to this subject in the first place.

2. Statement of results

2.1 LocAL ENTROPY. We recall some definitions (due to R. Bowen [2]).
Consider f: X — X a continuous self-map on some compact, metric space.
The (€, n)-ball centered at some point z is:

B,(z,€) = {y € X: d(f*(¥), f*(z)) < eVk =0,...,n—1}.

An (¢, n)-cover of S C X is a subset R C X such that § C {J g Bn(z,¢€).
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Finally, r(e,n,Y) is the minimum cardinal of a (e,n)-cover of some (not
necessarily invariant) subset Y. We recall that the topological entropy of f,
hiop(f). can be computed as the limit, when é does to zero, of:

1
heop(f.6) = limsup — logr(d, n, X).
n—oo n
We can now give:

Definition 2.1: The local entropy of f, hioc(f), is defined to be the limit when
€ — 0+ of:

1
hoc{f.€) = }iil’(l) lim sup - sgg log (8, n, Ba(z,¢€)).

n—o
We prove in section 3:
THEOREM 2.2: Let M be a compact, riemannian, m-dimensional manifold

with boundary and f: M — M a C" self-map with 1 < r < c0. Let M(f) =
maxyem | Txfllx and R(f) = infi>1 Y/ M(f*) (spectral radius of Tf). Then:

ioc(£) < = log R(f).

Then we remark that, from this, it is easy to deduce the following result due
to S.E. Newhouse, avoiding the use of Pesin theory:

THEOREM 2.3 (S.E. Newhouse [14]): Let M be a compact, riemannian manifold
with boundary and f: M — M a C*® map. Then:

Max(f) # 0.

Local entropy will also be crucial for the following results.

2.2 ENTROPY IN THE SPECTRAL DECOMPOSITION. A.M. Blokh’s Spectral
Decomposition (Theorem 4.4 below) implies that, for a continuous self-map of
the interval, the non-wandering set (which in particular carries every invariant

probability measure) is the union of the transitive components, defined as follows:

Definition 2.4: Let f: X — X be a self-map on some topological space. A
transitive subset is a subset T of X such that
(i) T is f-invariant: f(T) C T,
(ii) the restriction f: T — T is topologically transitive: for every open set
U,V intersecting T, there exists n > 1, such that f™(U)NV # 0.
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A transitive component is a subset T' C X such that:
(i) T is a transitive subset,

(i) if 7¥ C X is another transitive subset then either 7'N7 is finite or 77 C 7.

MuLTIPLICITY THEOREM 2.5: Let f: [0,1] — [0,1] be C™ with 1 < r < oo.

Let M(f) = sup,¢o,q |f'(z)| and R(f) = infg>1 /M (f*). Assume that H is a
constant such that:

1
“log R(f) < H < huep()
Then there are a finite, non-zero number of transitive components T with topo-
logical entropy hyop(f|T) > H.
Taking H = hyop(f) we solve the topological analogue to intrinsic ergodicity:

COROLLARY 2.6: Let f:[0,1] — [0,1] be C" with1 <r < co. If.

1) () > = log R()

then the number of transitive components T with maximum entropy, i.e. such
that:

ht0p(f|T) = htOp(f)a
is finite and non-zero.

Remark: The bound log R(f)/r is sharp as shown by the examples in Appendix
A.

2.3 COMBINATORIAL MODEL. We now turn to the description of the struc-
ture inside a given transitive component. The following notion will give us a
combinatorial model of the measurable dynamics of these components:

Recall that every oriented graph G (countable, maybe finite, set with some
arbitrary relationship —) defines a Topological Markov Chain, or T.M.C.
Take the action of the left shift o on the set £(G) of two-sided infinite paths on
G:

2(G) = {(an)nez € G* an — any1 is an arrow of G},

o((an)nez) = (ant1)nez

G also defines a one-sided T.M.C. (£4(G), o) in an obvious way.
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G is said to be irreducible if for every (a,b) € G? there exists a path from a
to b, i.e., a finite sequence gy, ..., g, such that go = a, g, = b and ¢g; — ¢;+; for
1=0,...,n—1.

The following quantity is chosen as the “intrinsic size” of subsets:

Definition 2.7: Let f: X — X be a measurable self-map. We denote by M(X)
the set of f-invariant probability measures, by M7#(X) C M;(X) the subset of
ergodic, invariant, probability measures, and by h,(f) the usual metric entropy
of (X, f, u), for p € My(X).

Let Y be a measurable subset of X, not necessarily invariant. We define the

metric entropy of the subset Y with respect to f to be:
hmet(f, Y) = sup{h,(f): p € M7®(X) such that u(Y’) > 0}

(if there is no such u we set hyet(f,Y) = 0). The metric entropy of the whole of
X is simply A(f) = hmet(f, X) = sup{h,(f): p € Ms(X)}.

Remarks: Y is a null-set for every invariant, ergodic, probability measure with
entropy strictly greater than hpet(f,Y).

If X is compact and f continuous, h(f) is the topological entropy, Aop(f)
{according to the “variational principle”, see, e.g., [6]).

Once we adopt this definition of size, we get the following notion of isomorphism
(see, for instance, S.E. Newhouse and L.-S. Young [16] for similar ideas):

Definition 2.8: Let f: X — X and ¢: ¥ — Y be two measurable self-maps. We
will say that (X, f) and (Y, g) are h-conjugated if there are forward invariant
subsets X' C X, Y’ C Y such that:
(i) there exists ¢ : X’ — Y’, bi-measurable (1) is measurable and ¥~ is
well-defined and also measurable) and such that ¢ o f = go ¢ (we say
that i is a measurable isomorphism between (X', f) and (Y, g)).
(i1) The neglected parts are small:

lllaX(hmet(f, X~ ‘Y/), hmet(ga Y~ Y/)) < h(f)

The left hand side of the above inequality is called the constant of the h-
isomorphism.

The inequality (ii) above is obviously equivalent to the ones obtained by
substituting any of 2(g), Amet(f, X') or hmet(9,Y’) for the right hand side h(f).
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Recall that the natural extension f: T — T of f: T — T is defined as

follows:

T={zeT>VneZ &,_,€f Y7}
f@) =9, gn =Ty (n€Z).

The map 7: T — T defined by #(¥) = o makes (T, f) a topological extension
of (T, f). More importantly, it is well-known (e.g., [17, p. 13]) that the induced
map between sets of invariant probability measures #,: M7(T) — M(T) is onto
and one-to-one and preserves entropy and ergodicity: hz s (f) = ha(f) and ji is
ergodic iff 7.ji is.

We are at last in position to state the:

STRUCTURE THEOREM 2.9: Let f:[0,1] — [0,1] be C" with 1 < r < oco. Let
M(f) = sup,¢p 1f'(@)] and R(f) = infi>; {/M(f*). Let T be a transitive
component with topological entropy hyop(f|T) > %log R(f).

The dynamics on T are described by an irreducible topological Markov chain

in the sense that the natural extension of (T, f) is h-conjugated to the chain.

2.4 APPLICATION TO INTRINSIC ERGODICITY. The structure theorem together
with the results of B.M. Gurevi¢ [9] (Theorem 7.1 below) allows us to deduce

from the Multiplicity Theorem the following unigueness result:

COROLLARY 2.10: Let f, r and R(f) be as above. If the topological entropy of
f is big enough, i.e., if:
1
hwp(f) > ;‘ log R(f)a

then the number of maximal measures Is finite and their natural extensions are
Markov measures on a T.M.C.: for instance they are Bernoulli.
If, in addition, f is topologically transitive, then the maximal measure. if it

exists, is unique.

2.5 QUESTIONS. Theorem 2.5 completely solves the question of finite/infinite
topological multiplicity under smoothness assumptions. One can ask for a more
precise result, like in the piecewise monotonic case (see [4]):

e Is there an explicit and “reasonable” bound (i.e., given by a simple formula
and not too far from being sharp). The difficulty is that Yomdin’s theory does
not give such estimates.
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On the one hand, Newhouse’s result solves the existence problem for arbitrary
compact C*> dynamical systems. On the other hand, we have seen that there
exists C" interval maps, with r arbitrarily large but finite with no maximum en-
tropy transitive component. More interestingly, in Appendix A, we build simple
examples of C" interval maps which are topologically transitive and have no max-
imal measure. We remark that they have small entropy: hop(f) < log R(f).
So we ask:

e Does the condition hiop(f) > 2log R(f) imply existence of a maximal
measure?

The main remaining questions are about the dynamics inside a transitive
component or, more simply, for a topologically transitive f:

¢ [s this condition necessary to ensure uniqueness? to ensure h-isomorphism
toa T.M.C.?

e More generally, is the condition heop(f) > 2log R(f) really relevant for
the dynamic inside transitive components of C” interval maps? i.e., do new
phenomena appear when this condition is weakened (e.g., replaced by f Cl*e
and hop(f) > 0)7

3. Local entropy

Let us make some remarks about our definition of local entropy 2.1 above.
It is inspired by R. Bowen’s definition of asymptotic h-expansivity [3] (see also
S.E. Newhouse’s definition [14]). Notice the place of the “sup,¢ x”: our definition
provides a uniform bound and thus it majorizes these previous, finer notions,
therefore it will be much easier to use. We will use it directly in the next section.

Before proving Theorem 2.2, we remark that this result implies a similar result
proved by S.E. Newhouse for his local entropy using Pesin theory (because it was
based on Y. Yomdin explicit volume estimates). As in Newhouse’s paper [14] we

get:

COROLLARY 3.1 (S.E. Newhouse [14]): Let f: M — M, R(f) be as above. Then
2 Jog R(f) bounds the defect in upper-semicontinuity of the metric entropy with
respect to the vague topology.

In particular, if f is C*, then the metric entropy is upper-semicontinuous.
Therefore:

Max(f) # 0.
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Indeed, it is clear by standard methods (contained in M. Misiurewicz’s proof
of the variational principle [13]) that local entropy bounds the defect in upper-

semicontinuity of the metric entropy. We have:

PRrOPOSITION 3.2 (after S.E. Newhouse {14]): Let f: X — X be a continuous
map on a compact metric space.
Assume that p, is some sequence in M¢(X) converging to some y. Then:

limsuphy, (f) < hu{f) + hioc(f)-

n—o0

(For the sake of completeness we give a proof in Appendix B.)

The proof of Theorem 2.2 is modelled after the proof of Yomdin's result
[23, Proposition 2.2] about “local volume”, v?n,r( f), which is the growth rate
of the volume, counted with multiplicities, of the image of B,(z,¢) by f™ as
n — oo, for small € > 0. The main point of the proof below, in comparison with
Yomdin’s proof, is the remark that the reparametrizations in Y. Yomdin’s theory
can be assumed to be contracting (d(¢(z),¥(y)) < d(z,y)) and “telescoping”
(point (3) of the claim below).

For simplicity, we pretend that M is simply an open subset of R™ and refer to
[23] for the general case.

The first step of the proof is the strengthening of Y. Yomdin’s Theorem 2.1 in
[23):

All statements made above are valid with the differentiability order r of f not
necessarily integer. We will say that f is C" with 0 < r < o0 if: (i) f is k
times continuously differentiable: (with k = |r| the largest integer with k < r);
(ii) f*) is Holder with exponent r — k € (0,1]: there exists a constant K < oo
st. |f®)(2) — f®)(y)| < K|z — y|["~*. The smallest such constant is called the
Hoélder constant of order r of f and is denoted by Hél,(h).

We say that a map h is C™ (r > 1) on the closed cube Q™ = [0,1]™ if it is C”
on the interior of Q™ and all differentials of order up to r can be continuously
extended to the border of Q™. We write R = |r|, a = r — |r] € (0,1]. The
CT-size of h, ||h||,, is:

I|All» = sup{H6L.(h), |¢*A(z)]|: s=1,...,Rand z € int Q™}.

(lld*h(z)|| is the maximum of the absolute values of the partial derivatives of

order s of all components of h at z.)
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PROPOSITION 3.3: Let f: B(0,2) C R™ — R™ be C". Let 0: Q™ — B(0,2) be
CT with |||l < 1.
Then there exists ¢4, .. .,¥q with ¢ < Cy max(]| f|-, 1)™/" such that
(1) ¥ : Q™ — Q™ is a C" mapping,
(2) Uiz, Im(ys) D (f o o)~} (B(0,1)),
(3) lld*(foooti)llr <1,
(4) every ¢, is contracting.

The constant C depends only on m and r.

To prove this, it is enough to apply Y. Yomdin’s Theorem 2.1 to the “complete”
mapping = — (z, f oo (z)). For the sake of completeness, we give a self-contained
proof of the one-dimensional case. It is considerably simpler than the general

case and is the only one we shall need.

Proof of the proposition for m = 1: Let ¢ = f oo. A simple computation
shows that ||g||. < K| f||», with K a constant, depending only on r. Subdividing
Q' = [0,1] into [(100K] f||»)}/] subintervals of equal length and using the
corresponding affine reparametrizations we are reduced to as many mappings
h: [0,1] — R such that h is C" and:

Hél, (k) < 1/100.

We fix one of the mappings h.

Let H be the polynomial defined by the Taylor developement of degree R of h
at 1/2. We see that |h(®) — H(*)] <1/100 on [0,1], for s = 1,..., R.

Where |H| > 1+ 1/100, |h| > 1: the image falls outside the ball of inter-
est B(0,1). We can restrict ourselves to the subintervals J of [0,1] defined by
|H| < 14 1/100. There are at most R of them. Take the corresponding affine
reparametrizations ¢: [0,1] — J. For each one, H o ¢ is a polynomial of degree
R with |H o ¢| <1+ 1/100 on [0,1]. But, on the finite-dimensional vector space
defined by the polynomials of degree at most R, all norms are equivalent:

max |(H 0 ¢)*)(z)| < K’ max |(H o ¢)(z)| < K'(1+1/100)
z€[0,1] z€(0,1]
0<s<R
with A" depending only on R.
It is therefore enough to subdivide again into [K'(1 + 1/100)] subintervals of

equal length and use the related affine reparametrizations ¥ to bound by 1 all
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derivatives of ho ¢ o4 up to order R. We remark that all our reparametrizations
are affine and contracting. Therefore Hol,.(h o ¢ o ) < HOL.(h) < 1 as well,
The proposition is proved with {¢y,...,v¥,} = {¢ o ¢} and

C: = ((100K)V" +1)-R- (K'(14+1/100) +1). &

Proof of the theorem: Let xo € M. Fix ¢g > 0 so small that 2¢||f|r < M(f)
and €9 < 1/2. Consider “charts” along the orbit of x:

Xk: @ € B(f*(za), €0) = to + (x — f*(x0))/2¢0 € B(to,1/2) C Q™

with ¢y the center of Q™.
Define fx = xks10fo x5!, Fx = fac1 020 fo (Fp = Id) and V,, =
{y € R™: Fi(y) € B(to,1/2) fork=0,...,n~1}. Write k = C;M(f)™/".
Remark that || fell- < M(f) and xo(Bn(Zo,€0)) = Vi. So we can study
B, (x9, €p) by applying the previous proposition to the f;’s.

CraM: There exists a family of C” maps {¢,, ; : Q™ - M:n >0, 1<i<&k"}
such that, for alln > 0:

(1) Uiz Im(¥n 1) O Vs,

(2) ||Frotnillr <1lfori=1,...,k",

(3) if n > 0, for every i € {1,...,k"} there exists j € {1,...,k""1} and a

contracting map ¢ L3 such that:

'(/) wn 1,57 ° ¢n b

(we say j is defined by i and n),
(4) vy Is contracting fori =1,... k"
We shall write o7 for g7l - o+ -060 37"~ with j(k) defined by j(k+1)
and k+1 asm( ) above.
This is essentially [23, Lemma 2.3] with the addition of the telescoping and

contracting properties (3) and (4). Using the previous proposition instead of
Theorem 2.1 of [23], the necessary modifications of the proof are clear.

Let 6 > 0. We shall build a (6,n + 1)-cover for By,.1(zo, €o) for all n > 0.
Select R a finite (6, 1)-covering of Q™. Let:

. (L_JI wn,i(R)) .
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Let us show that S is an {6, n+1)-covering of B, +1{(xo, €g). Let x € B, ;1(xqg, €5)-
By claim (1):
Ulm(xal 0 ¥ni) D Bnt1(Zo, €0),

so there exists t € Q™ and ¢ € {1,...,&"} such that:

T = xgl o Y i(t).

Now, there exists ¢ € R such that |# — t| < §. Write 2’ for the image of ¢’ by
\o} © ¥n.i. Let us prove that ¢ € Bpy1(z',6). For every m=0,...,m:

fx)=f"o X(;l oYy i(t) = Xr—nl 0 Fim 0 9n,(t)
and likewise for f™(z'). By claim (3) above:

Ynj = Ymk o qﬂf for some k.

m.k

But the mappings: ¢,,';", Fm © ¥m x and X, are contracting. Therefore:

If™(@) - @<t -t <6

Hence, S is indeed a (8, n+1)-cover for B, +1(xg, €g). The cardinal of this cover
is bounded by «™ card R, with R independent of n, so that:

hioc(£) < hioc(f,€0) < log & = ~~ log M(f) + C

with C = logC; a constant depending only on m and r. To get rid of C just
write hioc(f) = hioc(f9)/g < Zlog M(f) + C/q and let g — oo. ]

4. Entropy in the spectral decomposition

Throughout this section f is a continuous self-map of the unit interval. For
such maps, A.M. Blokh [1] has shown the existence of a “Spectral Decomposi-
tion” somewhat similar to Smale’s Spectral Decomposition for Axiom-A diffeo-
morphisms [19]. This decomposition can be derived by the analysis of the periodic
intervals, defined as follows:
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Definition 4.1: An interval J C [0,1] is said to be a periodic interval if it is
compact, has non-empty interior and if there exists an integer n > 1 such that:

() J, f(J),..., f~~Y(J) have pairwise disjoint interiors.
(i) fm(J)=J.
n is called the period of J. The orbit of J is orb(J) = JU f(J)U---U f*~1(J).
It is sometimes convenient to consider the set orb(J) and not to have to choose
one periodic interval. Let us remark that orb(J) = orb(I) (I, J periodic intervals)
does not imply that I = f¥(J) for some k > 0.

Definition 4.2: A subset C C [0,1] such that C = orb(J) for some periodic
interval J is caliad a cycle.

The number of connected components of the cycle is called its period. Fach
connected component is said to be a periodic interval defined by the cycle C.

We write C for the set of cycles.

Clearly a periodic interval defined by a cycle is indeed a periodic interval with

period equal to the period of the cycle.

Remark: Any non-wandering, non-periodic point belongs to some cycle. This
accounts for the role of these cycles in building the Spectral Decomposition.
A. M. Blokh has introduced the following subsets:

Definition 4.3: (A.M. Blokh [1]). To every cycle C € C is associated the follow-
ing subset of [0, 1]:

PEC(C)={$E[O,1]:V6>OU fk(B(a:,e)ﬂC):C}.

If PEC(C) # ©, we call it a positive entropy component (P.E.C. for short).
We can now quote (part of) A.M. Blokh's theorem:

k>0

THEOREM 4.4 (A.M. Blokh’s Spectral Decomposition Theorem [1]):  Let
f:10,1] — [0,1] be continuous.

Every transitive subset is included in a transitive component.

Every transitive component either has zero topological entropy or can be
written as PEC(C) for some cycle C.

Reciprocally, every subset of the form PEC(C) # 0 (with C a cycle) is a

transitive component with positive topological entropy.

For future use (section 7) we make the transitivity properties a little more
precise. Q(f) is the set of non-wandering points.
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LEMMA 4.5: Let K = PEC(C) # @ with C a cycle. For every z €
KnQ(f)NnintC and € > 0,

U f#(B,e)nC) > C~Y
k20

with Y a finite set, depending only on K, not on x and e.
We shall only prove —and use— that Y can be chosen a countable set.

Proof: Select some countable base V of the topology.

For every z and € as above, take V € V such that V C B(xz,¢),z € V. Let U be
the connected component of the forward invariant set (J,~q f*(V N C) containing
r. As z € int C, U contains a neighbourhood of z. As x is non-wandering, there
exists n > 1 such that f*(U)NU # @. But this implies f*(U) C U. Therefore:

n—1
U B@eonc)s | Fvne) = U
k>0 k>0 k=0
is a finite union of intervals: taking the closure can add only finitely many points
¥1, depending on the open set V (and the smaller is V the larger is Y1). So
one may take Y to be the union of the Y;’s when the open set V ranges in the

countable base V. |

We remark that two cycles may overlap each other. This is the motivation
behind the following definitions.

Definition 4.6:  Let C be a cycle. The excluded set of C is:
= | Jint(c)

where ¢ ranges over the cycles which do not contain C. The reduced cycle C’
of C is defined to be:
= | Jeonv(I ~X(C))

where I ranges over the connected components of C and conv is the convex
closure.
Remark that, except if C' = C, the reduced cycle C' is not a cycle: it is not

even forward invariant.
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LEMMA 4.7:

(i) IfC is a cycle and C' is its reduced cycle then:
PEC(C)c C' cC.

(ii) Let C,,Cy € C. The two reduced cycles C{,Cy have interiors either
disjoint or nested. If the reduced cycles are nested, then the true cycles

are also nested.

Proof: (i) Let C be a cycle. Clearly ' € C. If x € '~ (" then «x € int(c) with
c acycle and C ¢ c. Hence J,5q f¥(B(x,€)) C ¢ is not dense in C: x ¢ PEC(C).
Thus PEC(C) € ¢’ and (i) is Broved.

(ii) Let C1,Cy € C. If C; = C; or if the interiors of Cy and C; are disjoint. (ii)
is clear. We may assume that C'; 2 ;. Thus:

(%) int(Cy) € X(C1).

Let I; be an arbitrary connected component of Cy. Set I{ = conv(l; ~ X(C)).
Because of (), I; ~ X(C)) has either points both to the left and to the right of
Ca N I, (case 1) or only on one side (case 2):

In case 1: I D CanI,. Therefore, C} D (s, so that the cycles, and the reduced
cycles, are nested.

In case 2: I} Nint(C3) = @. Therefore, C} Nint(C3) = @ and int(C7) N int(C3)
={. |

FINITE MULTIPLICITY. We prove an “abstract” version of the announced
Multiplicity Theorem 2.5 under purely topological hypothesis:

THEOREM 4.8: Let f: [0,1] — [0,1] be a continuous map. If H is a constant
strictly greater than hio.(f) (assumed to be finite), then:
The number of P.E.C. with topological entropy greater than H is finite.

In combination with the estimate on hj,.(f) of section 3, this will give the
Multiplicity Theorem 2.5.

LEMMA 4.9: Let f:[0,1] — [0, 1] be a continuous map.
For every € > 0 there exists K < oo such that, if C is a cycle of period n. then:

htop(FIC) < hioc(f, €) + /.
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Proof:  The topological entropy of C is bounded by hop(f|C,€) + hioc(f,€).
Let Iy be an interval defined by C. Set I, = f*(Iy). Io,...,I._; are the con-
nected components of C. f"(Iy) = Iy. Therefore hyop(f|C,€) = hop(f, o, €) <
Llogr(e,n, Iy). Hence:

1 oty di I
hiop(fIC.€) < " (kzzolog lr_lg‘.n#‘l) )

Any single term of the sum is at most log[e~!]. For each k, the kth term is zero
except if I has diameter greater than or equal to €. The number of such Ij is

less than e~!. Therefore:
heop(f1C) < hioc(f,€) + (€ ' log[e™']) /n. B
Proof of the theorem: Let us call, during this proof, cycles C such that:
heop (f|PEC(C)) 2 H,

distinguished cycles. Fix ¢; > 0 such that hi.(f,€) < H.

Let us first make a simple remark. Let C be a cycle and assume that the
diameter of PEC(C) N J is less than ¢q for every connected component J of C.
Then PEC(C) C |J; B (2, €0) where J ranges over the (finitely many) con-
nected components of C, and x; is an arbitrary point of PEC(C) N J. Therefore
heop(fLPEC(C)) < hioe(f,€0) < H: C cannot be distinguished.

CraiM: One cannot have an “infinite tower”:

C12C, 2

b=

of distinguished cycles.

Proof of the claim: Assume by contradiction that there exists such a tower
C; 2 Cy---. The previous lemma shows that distinguished cycles have their
periods bounded by some constant. We can therefore assume that they have
constant period n.

For every i = 1,2,..., select J; such that J; is a connected component of C;
with:

dl&Hl(PEC(C,) N Jt) > €.
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By taking a subsequence, we may assume that the J;’s are decreasing. Set J =
niZO J;. It is a compact interval with diameter at least ¢5. Let L;, resp. R;,
be the left, resp. right, connected component of J; ~ J. Their diameters go to
zero as i — oo. Remark that PEC(C;) N J; € L; U R;. We may assume that
PEC(C;) N L; is infinite for all i > 1.

The continuity of f implies that, for large i, f™(L;) meet only one of L;
and R;.

First case: f™(L;) C L; UJ. Hence, J; being n-periodic, orb(L; N PEC(C;)) N
int J; C L;. As PEC(C;) is topologically transitive, orb(L; N PEC(C;)) N J; =
PEC(C;) N J; C L;. But this contradicts diam(PEC(C;) N J;) > €.

So we are in the second case: f™(L;) C R;UJ. Hence, @ # f*(PEC(C;)NL;) C
R;. If f*(R;) did not meet L; then no f*(R;), k > 0 would, contradicting the
transitivity of PEC(C;). Hence f"(R;) C L; U J. Therefore PEC(C;) N L; is
f?m-invariant. By the same remark as the one at the beginning of the proof, this
implies that the (limsup of the) topological entropy of PEC(C;) is smaller than
hioc(f) < H, a contradiction. The claim is proved. B

The claim ensures that:
(1) Every distinguished cycle contains some distinguished cycle which is
minimal for inclusion.
(2) Every minimal distinguished cycle is contained in a finite number of
distinguished cycles.
Therefore it is enough to show that the minimal distinguished cycles are in
a finite number. As they are not nested, their reduced cycles are disjoint (see
Lemma 4.7). But each one of them contains an interval with diameter at least
€p > 0. This concludes the proof of the theorem. |

5. Global h-conjugation

We are going to prove the h-conjugation of the natural extension of ([0, 1]}, f)
with a T.M.C.

Let f: [0,1] — [0,1] be continuous. We may assume that f({0,1}) C {0,1}.
First we define the symbolic dynamics of ([0,1], f).

Definition 5.1: The critical points of f are the points of [0, 1} which have no
neighbourhood on which f is strictly monotonic. The set of critical points is
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denoted by C(f) and its backward orbit {J, 5o F7*C(f) by C~(f).

The natural partition is the collection P of the connected components of
[0,1]NC(f). Any z € [0,1] N C~(f) defines a real (infinite) itinerary, I'(z) =
A € PN defined by:

fF(z) € 4.

The set of real itineraries is:
SL(f,P)={Ae PN [ f75(4k) #0}.
>0

The symbolic dynamics is the closure of these:
2+(f,P) = E{l-(f’P) C PN,

P being endowed with the discrete topology. The elements of £, (f, P) N X!, (f, P)

are called virtual itineraries.

Each finite word Ag - -+ A, € P**1 defines a sub-interval:
[Ao--- An) = () £75(Aw)-
k=0

Remarks: 1. If A € P, then A and f(A) are open subsets of [0,1], A is

disjoint from all other B € P. In addition each restriction f: A — f(A) is a
homeomorphism so that, for any set 5 C A,

2. We note that C(f) may well be equal to the entire [0, 1] interval. The class
of piecewise monotonic maps studied by F. Hofbauer is characterized by C(f)
—-and P— finite. Here C(f) may be any compact, even uncountable, and P may
be empty, finite, or countably infinite.

3. We notice that we choose to endow P with the discrete topology so as to
add as few itineraries as possible.

For future reference, the natural extension of 3. (f, P) is:

E(f’ P) - {(An)nEZ € PZ3 Vp €L (Ap+n)n20 € 2+(fa P)}

under the action of the left shift o.
Let us state the relationship between the original system ([0,1], f) and the
symbolic system (X4 (f, P),0):



142 J. BUZZ1 Isr. J. Math.

Definition 5.2: An interval I C [0, 1] with non-empty interior is said to be a
homterval for f, if f¥|I is a homeomorphism on its image, for every k > 0. We
write H(f) for the union of all the homtervals of f.

LEMMA 5.3: There exists invariant subsets ¥/ (f, P) C ,(f,P), X" C [0,1]
such that the coding:
r:x" — Zi(fP)
T — (Akzo  (fF(z) € Ak)
is a measurable isomorphism.

Moreover /[ (f,P) is of full measure for any ergodic atomless Invariant
probability measure. The same hold for X" with the additional condition that
C(f) is a null set for the measure.

More precisely, X" = [0,1] N(H(f)U C~(f)).

It is well-known that, if f is C!'*® for some a > 0, then any ergodic,
invariant, probability measure of ([0,1], f} with positive entropy satisfies the

condition above.

Proof: Set X" as above. Remark that H(f) is the countable union of the
maximal homtervals (they have pairwise disjoint interiors) and that f~1(H(f)) C
H(f)u C(f). If H(f) were not a null set for some ergodic measure, the same
would be true of some maximal homterval. But it is well known that points in
a homterval are either wandering or tend to a periodic orbit. So the measure
would have atoms: we may neglect H(f). By invariance of the measure, we may
neglect all of [0, 1] ~ X",

Set Y (f,P) = Z4((f,P)NT(H(f)~C~(f)). As an entire homterval
defines one itinerary, X', (f, P) ~ I/ (f, P) is countable. It remains to prove that
T4 (f, P)NX (f, P), the set of virtual itineraries, is countable:

If AgA;--- is a virtual itinerary, then, as it is the limit of real itineraries, for
every n > 0, Ap: -+ A, is the beginning of some real itinerary and this implies
[Ao---An] # 0. But [Ag--- A,] is compact, 50 (), [Ao- - As] is non-empty.
Moreover, . -

[0 Aa] Ao+~ Ad] | £75C(f)
k=0
0 ﬂpom contains a preimage by f™ (m > 0) of some point ¢ € C(f).
Applyi_ng the homeomorphism f"‘|m, we get:
c€ [) lAmAmir - An).

n>m
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In particular ¢ € A,, N C(f) = 84, = {min A,,, max A,,}: ¢ ranges in a count-
able set, as does (¢, A, ). For € > 0 small enough, B(c,e) N An, C [An - Amyk)
Hence A, is the only element of P intersecting f*(B(c, €)NA,,) for every ¢ > 0.
So (¢, A) determines the following symbols: Ay Amir -+ T4 (f. P)NZL (f, P)
is indeed countable as obtained from a countable set by adding (at worst)

arbitrary finite prefixes made up from the countable alphabet P. 1

In general, £, (f. P) will not be a T.M.C. Nevertheless F. Hofbauer has shown
that one can identify a part of the X (f, P) with a T.M.C.

His proof relied on the peculiarities of the piecewise monotonic case but we
shall show that, by modifying the construction, one can greatly generalize it: the
result below is true for any symbolic system (i.e., a shift-invariant, closed subset
of AN with A countable and discrete).

Consider S, (f.P) = {Ap---Ax: k 2 0,A4p--- € T4(f, P)}, the set of finite
words. One easily sees that Ag--- Ax € I.(f, P) iff [Ag--- 4] € C(f).

To build a Markov chain over X(f, P), F. Hofbauer {10, eq. (2.1)] used as
symbols of the enlarged “alphabet” the following sets:

futx(Aon---Ag) = fP[Acn---Ag],  A_p---Ag € Tu(f, P)

which we call the geometric futures (see [15] for an exposition of Hofbauer’s
construction in a spirit similar to ours). The geometric future of a word clearly
determines what symbols can come next, allowing the construction of a Markov
chain. In the abstract setting which we are interested in, and alsoc because it
much clarifies the proof of the Isomorphism Theorem 5.7 below, we shall use
instead the following.

Given a finite word A_,, --- Ag € Z,(f, P), we say that A_,,---Ag € P™+ is
its significant part, if it is the smallest suffix necessary to compute the future,
i.e., if m is minimal with the property that:

futx (A_m - -~ Ag) = futx (A_n - - Ag).

Of course a suffix is not a significant part in itself, but only with respect to a
given finite word.

We write sig(A_,, -+ Ag) = A_m -+ Ao and let P = {sig(w) : w € T.(f, P)}
be our enlarged alphabet. We write # : P ~— P for the natural projection which
sends sig(A—,, -+ - Ap) — Ay.
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We endow P with the discrete topology and with the oriented graph structure
defined by:
sig(A—pn --- Ag) — sig(A_, - -+ Ag41)

for all A_,---A; € Z,(f, P). We call the graph P Hofbauer’s diagram for
Y. (f, P). We define:

fut x (sig(A~n -+ Ao)) = futx (A_, - - Ao}

The oriented graph P defines a two-sided topological Markov chain S(P) c
PZ, which we call, after F. Hofbauer, its Markov extension. # induces maps
71 D4 (P) = T4(f,P), # : ©(P) — Z(f,P). We shall check that they are
well-defined.

LEMMA 5.4:
(i) If By — - -- — By is a finite path on P then, for0 < k < n:

futx (Be) = f*(futx(Bo) N [Bo- -~ Bx])

with B; = #(3;) (0 <i<n).

(ii) Leta € P. 7 restricted to the successors of a, i.e., the o/ € P such that
a — o', is one-to-one.

(iii) If B € PN is such that futx(a) N (ysolBo: - Bk] # 0, then there exists
a unique infinite, one-sided path (8 on the graph P such that #(3) = B

and B = a.

COROLLARY 5.5: n(X(P)) C E({, P).

Proof of the corollary: 1t is enough to prove that, for every 8 € £, (P), B = #(0)
belongs to L (f, P).
Let k > 0. (i) above implies that:

F5([Bo- -~ Bi]) D futx (B) = f™([C=m - Co])

with C_, -+ Cp € Eu(f, P). Thus [By---Bx] ¢ C~(f). Hence there exists B;
for i > k such that By .-+ BxB; By, € Z4(f, P). But k > 0 was arbitrary
and X4 (f, P) is closed: B € L,(f, P). [ |
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Proof of the lemma: We prove (i) by induction. For k = 0 it is clear. Assume
it for some 0 < k < n. By definition of P, there exists C_,, - --CoCy € T, (f, P)
such that g = sig(C_,, - -+ Co) and Br+1 = sig(C_n - - - C1). Hence:

futx (Bes1) = FPHCom - C1] = fMHC_pm - Col N Cy
= f(futx (Bk)) N Bi+1
= f(f*(futx(Bo) N [Bo- - B])) N Bi1
= f**}(futx (Bo) 0 [Bo- - - Brs1))
We have used the disjointness of the elements of P to see that C; = Bi41.
(i) is proved.

Let a € P and o,a” be two successors of a such that #(a’) = #(a). There
exists A_, -+ Ay, B_p -+ By € .(f, P) such that:

o =sig(A_, -+ Ag) = sig(B_p, - - - Bo),
o =sig(A_, - AgA1), o =sig(B_m - BoB1),
Al = Bl-
Bat:
fut x (A_n s AOAI) = f(futx(A._n ce Ao)) N A;

and similarly for B, so that the futures corresponding to the words A_, --- Ag
and B_,,--- By are equal. As the past did coincide before the addition of the
symbol A; = B, they still do. So &' = a"”. (ii) is proved.

To prove (iii), it is enough to set B = sig{Ad_,:--+A_1Bg- - By): by
assumption [A_, ---Bx] ¢ C~(f), so this finite word does belong to . (f, P).

Uniqueness follows from part (ii) of the lemma. ]
To state the isomorphism theorem, we need the:
Definition 5.6: Let ¥;(f, P) C E(f, P) stand for:

{A€Z(f,P):n— futx(A_, -+ Ap) is not eventually constant}.

We define the non-Markovian part of (f, P) to be:

Lo(f, P) = | J o"5u(, P).

pEZ

The following theorem generalizes F. Hofbauer’s lemmas 5 and 6 of [10].
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IsOMORPHISM THEOREM 5.7: Let ©(P) be the two-sided Markov extension

defined above. Then the following diagram is commutative:
S(P) AN S(P)

| l

S(f, P) N Zo(f, P) —— I(f,P)>So(f, P)

A

and this restriction of  is a measurable isomorphism.

So for the natural extensions the Markov extension is (in this sense) smaller

than the original system!
Proof:

STEP 1: We prove that the image of 7 is included in £(f, P) > Zo(f, P) and
that 7 is one-to-one. Let o € S(P) and A = #(a) € P*. For the first point,
we remark that we have already seen that A € S(f,P), so it is enough, by
o-invariance of S(f’), to show that A ¢ T(f, P).

Let B_,, - Bg € T.(f, P) be such that:

ag = sig(B_p, -+ - By) with /m minimal.
Let n > 0. There exists a finite word C_,_;---C_, € S.(f, P) such that:
a_pn =8ig(Copnoy - Cp).
Necessarily, C_, = #(a_,) = A_,. By Lemma 5.4 (iii), for 7 < n,
a_; =81g(Copoy- - Copo1Apn - Ay).

Therefore:
(1) sig(B_m - Bo) = sig(Cm—i - Com-14—m -~ Ag) (n = m and i = 0),
implying that:
B_pm+Bo=A_pm- Ao

(2) Setting n > m and ¢ = 0, we get:

fut x (C_py - CpyA—p -+ Ag) = futx (B_pm - - Bo).
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Compare the previous equation in (2) with futx(A_, --- Ap). It includes the
left hand side and is included in the right hand side, according to (1). Therefore
it is equal to their common value.

This shows that ag = sig(A—_, - - - Ap) for all n > m. Therefore:

(1) futx(A_, ---Ap) is constant once n > m: a € Z;i(f, P) as was to be
shown;
(2) ap = sig(A—n -+ Ap) for n big enough, and likewise for a,, p € Z. In

particular, the map #: £(P) — PZ is one-to-one.

STEP 2: Let A € I(f, P)~2o(f, P): we have to prove that there exists some
a € S(f, P) such that #(a) = A. Let a € PZ be defined by:

ap = lim sig(Ap_n -+ 4,) forpeZ.

n—0c
As A ¢ Zy(f, P), for n big enough the equivalence class remains constant so a is
well-defined in PZ. Clearly 7(a) = A.
For every p € Z, for n big enough,

ap = sig(Ap—n -+ Ap),
ap+1 = Sig(Ap_n s Ap+1),

so that:
ap — Qpqy is an arrow of P

and a € S(P). So the map 7 : £(P) — Z(f, P) ™ Zo(f, P) is surjective and
therefore bijective. It is clearly bi-measurable. 1

Remarks: 1. As announced, this theorem does not assume any property for the
underlying dynamical system ([0, 1], f). It applies to the symbolic dynamics of
any dynamic system, in fact, to any symbolic system.

2. For 7 to be one-to-one in this general setting requires that P was made
of significant parts and not only made of the futures as in Hofbauer’s original
construction. To see this, one can consider —with obvious definitions— the
case of the sofic system defined as the subshift of {0,1}" excluding sequences
containings blocks of 1’s of odd-length.

3. Variants of Hofbauer’s original construction are well-known in the theory of
sofic systems defined by B. Weiss.

4. 7 is continuous, but 71 is, in general, not even finitary (see [17]).
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6. Entropy of the non-Markovian part

We are going to show that the dynamics through C(f) give some control on the
non-Markovian part of the symbolic dynamics introduced above.

THEOREM 6.1: Let Xo(f, P) be the non-Markovian part of the symbolic system
defined by some continuous interval map.
If u is a o-invariant probability measure concentrated on Xo(f, P) then:

h(p) < hop(f, C(F)),

i.e., hmet(zg(f, P)) S htop(fa C(f))

The main, “geometric” property of ([0,1], f) which accounts for the above

theorem is the following one:
the cylinders [Ag- -+ Ay] are connected, Ag---An € .(f. P).

Another, more technical requirement will be to identify Xo(f, P) with an invariant
subset of the natural extension of ([0, 1], f), so that we can exploit the (Bowen)
topological entropy of the non-invariant subset C(f), hiop(f,C(f)), which is
defined with respect to the [0, 1]-metric as the limit, when € — 0+, of:

1
hiop(f, C,€) = limsup . logr(e,n,C).

On the interval, this identification goes through for any invariant, probability
measure with no atomic ergodic component.
Let A € Z(f, P). If p < q are such that:

futx[Ap...Aq] C futx[Ap+1 - Ag]

then [p, q] is called a shadowing interval for A. A € £;(f, P) iff there exists
shadowing intervals [—n,0] with n arbitrarily large.

The connectedness of the cylinders implies the following fundamental property
(which accounts for the terminology):

LEMMA 6.2: Let A € So(f, P). If [p, q] is a shadowing interval, then:

[Ap+1- - Ag] N F(04,) # 0.
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Remarks: 1. This is the only property of the underlying dynamical system that
we shall use in this section.

2. It says that Apy;--- A, is the beginning of the itinerary of some point of
f(0A,): so that, under suitable hypothesis, A, A, - represents some point
z € [0,1] whose orbit stays close to the one of some point of f(A,) for the times
[p+ 1,q — T}, with T some constant.

This explains why something like the above theorem should be true.

3. Finally, the inequality above is sharp in the sense that it is easy to build
“abstract” examples, for instance invariant subsets S of full, bilateral shifts shad-
owed in an obvious sense by some compact subset of the corresponding unilateral
shift. On the other hand, the statement with Bowen entropy substituted for met-
ric entropy is false. So this is, in an essential way, a measure-theoretic statement.

A technical remark is in order. Notice that ¢~971%;(f, P) C a7 9%:(f, P).
Indeed, if [p, ¢ + 1] is a shadowing interval then so is [p, g], because [p,g+ 1] is a
shadowing interval iff:

f(Ap) B [Aps1--- Agu]

as f: A, — f(Ap) is a bijection. But changing ¢ + 1 to ¢ can only enlarge the
right hand side.
Therefore, for any invariant, probability measure p,

079718, (f, P) = 091(f, P) (mod p).
Hence the non-Markovian part can be written as:

So(f, P) =[] o?Zu(f, P)UN
PEZ

with N of zero measure with respect to any probability invariant measure.
From now on, we forget about N and write Lo(f, P) for the intersection: A €
o(f, P) iff there exist shadowing intervals [—n, m] with n, m arbitrarily large.

Proof of Lemma 6.2: The inequality of the futures in the definition of shadowing
intervals implies, as f977 restricted to [A, - - Ag] is a bijection, that:
f(Ap) B [Apt1--- Ag]-

As[Apyy -+ Ag)is connected and, by Remark 5.1, 8f(A-,-1) = f(@A_n_1), this
is equivalent to:
f(aAp) n [Ap+l e Aq] # 0. 1
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Proof of the theorem: Let g be a o-invariant probability measure concentrated
on Xo(f, P). As the metric entropy is affine, it is enough to consider the case
with p ergodic.

If 4 has atoms then it is concentrated on a periodic orbit and the inequality
to be proved is trivial. So we can also suppose g atomless.

[:[0,1]NC~(f) — £4(f, P) extends naturally to the natural extensions to a
map T: I~ C(f) — E(f, P) with C(f) = U,z /P77 C(f) (we define likewise
H(f)). Lemma 5.3 extends to the natural extensions and allows the identification
(through T') of x with an ergodic and atomless f-invariant probability measure on
I, which we shall also write p. Set Iy = IY(Zo(f, P)) ~ H(f). p is concentrated
on I.

We shall prove the desired bound by using the Katok formula for the metric en-
tropy of a map on a compact metric space [12] (it is stated for a homeomorphism,

but this is irrelevant):

1
h(p) = lim h(u,e) with h(py,€) = limsup — logr(e,n, ),

e—0+ n—oo N

r(€,n, u) being the minimal cardinal of an (e, n)-cover of g, that is, the minimal
number of (e,n)-balls necessary to cover a set of p-measure at least A, with
X € (0,1), a constant, independent of n.

Fix € > 0. We shall construct an (e, n)-cover of y. Set Ky the cardinal of some
finite (€, 1)-cover of I. Set a = ¢/5(log Kg + 1) < e.

1. As f is continuous, there exists § > 0 and Ny < oo such that, if z,y € T
and |7(f~No(z)) — 7(f~M(y))| < 6, then d(z,y) < e.

2. There exists Ny < oo such that, for all n > Ny, there exists R,, an (6/2,n)-
cover of f(C(f)) C [0,1] with cardinal less than e{Per(/,C(f)+e)n,

3. For p-almost all z € I, #(x) ¢ C—(f) U H(f), so that, if A = ['(7(x)),
Nk>o f~*Ax = {z}. But, for every n, Ni_o %A, is an interval, therefore for

p-almost all z € I,
m(z) = inf{k > 1: diam(P*(7(x))) < §/2} < 0.
One can select Iy C Iy with p(I;) > 1 — o such that:
M, =sup{m(z): z € ;} < o0.

Let m; = max(Ny,a~1M).
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4. Let:
n(x) = inf{k > my: [—k, 0} is a shadowing interval for ['(z)}.

As u(Ip) = 1, n(-) is well-defined and finite almost everywhere. One can select
I, c I with p(Iy) > 1 — 2a such that:

M, =sup{n(z): v € I} < o0.

5. Applying Birkhoff’s ergodic theorem, we find a measurable subset E of |
with u(E) > 1/2 and an integer N3 such that, if € F and n > Ny,

1 _
- card{~No < k <n— No: f¥(2) € I} > 1 - 3a.

Let N3 = max(Na,a 1M,). For x € E and n > N3, we cut [-Np,n — 1 — Ng]

into shadowing intervals [b;, a;]: set b_; = n — Ny and, for i > 0,

(1) a; = max{k <b_1: n(fk(a')) < Afg},

(11) bi =a; — n(ai).
We notice that, for every i > 0, #(f%*!(x)) is in [Ap, 41 Aq,] together with
some point z; of f(C(f)). We recall that there exists 2z € R,,_s, such that
IFR(2) — £ (21| < 6/2, for 0 < k < a; — b;. Therefore,

Iff (7o f(x)) = f¥(u)| <6 for0<k <a;—b;— M.

Let 7 = min{¢ > 0: b; < —Np} < n/m;. Set

r—1
A={-No<k<n-Ng:ffz)eL} and B=|Jlbia—M]nA
=0

We have card A > (1 — 3a)n and, as:
r—1
B=A~ (U[ai ~ M +1,a;)U [br,ar]) ,
i=0
S0,

card B > (1 —3a)n -~ rM; — M3
> (1 - 5a)n.
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The knowledge of 2J,...,2._; (at most elher(SCUN+I choices) and of the

positions of intervals [b;, a;], 0 < ¢ < r (at most
n/miCM™ = exp(n(h(2/m1) + o(1)))
choices) determines f*(z) with a precision € for k € B + Ny. But:

€
—1]\(B < < ——n.
card ([0,n — 1] N(B + Np)) < 5an < g Kot "

Finally, within a precision of ¢, there is at most K3*" choices for the positions of
fFfor k¢ B+ Ny. As K3o™ < ",

r(e,n, p) < exp(h(2/m1) + (heop(f, C(f)) +€) + €+ 0(1))n

with h(t) = ~tlogt — (1 — t)log(1 — t) and o(1) a function decreasing to zero as
n — oo. First taking logarithms and dividing by n, then letting n — oo and €
decrease to 0, proves the theorem. |

7. Proof of Theorems 2.5 and 2.9

We have already noted that the Multiplicity Theorem 2.5 is a direct corollary
of 4.8 and 2.2, using the following result of B.M. Gurevié:

THEOREM 7.1 (B.M. Gurevi¢ [9]): Let G be a countable oriented graph.
Assume G irreducible.
(1) There exists at most one maximal measure for the topological Markov
chain (Z(G), o).
(2) There exists exactly one maximal measure iff G is “positive-recurrent”.

The property of “positive-recurrence” has been introduced by D. Vere-Jones
(20, 21]. We do not state its definition, as we will not use it — see Appendix A.

It only remains to prove the Structure Theorem 2.9.

Now we fix K C [0,1) a P.E.C. with hyop(f|K) > Llog M(f). To apply the
h-conjugation result of sections 5 and 6, we need the following estimate:

PROPOSITION 7.2: Let f:[0,1] — [0,1] be C" with r > 1 and Z be the zero set
of f'. Then:

ol 2) < - log ().
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Obviously Z D C(f).

Proof: Fix € > 0. Write h = hyop(f, Z). For n > 1, fix some maximal (¢, n)-
separated subset of Z, i.e., E, C Z such that, if x € E,,, B,(z,¢) N E, = {z},

E, = {1‘1 <Tp <+ < IL‘N(n)}.

By definition of the Bowen entropy in terms of maximal separated sets [2], there
exists arbitrarily large integers n, such that N(n) > e(A~<)", We consider only
these n. Let r = R + « with R integer and 0 < a < 1. If there did not exist
ke {1,...,N(n) — R+ 1} such that:

|kt R1 — Tx| < e7R72en

then xy — 1 > [1}\;—(—"12] e~ (h=26)n _, oo, which is absurd.

Therefore, for large n, there exists an interval containing at least R zeroes of f’
and with diameter smaller than e~(*=29)"_ Hence the diameter of f([z, Tx+r-1])
is bounded by Hola(f) [e=#=29"]". But z,zx41 are (¢,n)-separated so that
there exists 0 < [ < n such that:

e <1\ (wx) — Fmip)] < HoL(f) (e7®2m) M (51,

Taking logarithms and letting first n — oo, then € — 0, we get the stated
inequality. ]

Thus the bound on hnyet{o, To(f, P)) established by Theorem 6.1 is enough to
show that IT = '~ o7 indeed defines a h-conjugation between (L, F'), the natural
extension of (A, f) and the shift on II"1(L) C ©(P). It remains to show that
the subset TI=1(L) is indeed defined by an irreducible part of P, that is:

nYL)=x()AN

with I an irreducible part of P (a subset P defining an irreducible graph, maximal
for inclusion) and N some set negligible for any i € MH (S(P)), that is, invariant,
ergodic, probability measure p on £(P) with entropy h(p) > % log M(f).

Let 7 € MH(ITI"Y(L)). By ergodicity, 7 is supported by () with I some
irreducible part. But, poIL.7 is concentrated on K C [0,1] and, by h-conjugation
(and easy properties of natural extensions), is ergodic and atomless. But we have:



154 J. BUZZI Isr. J. Math.

PROPOSITION 7.3: Let f:{0,1] — [0,1] be a continuous map and K be a transi-
tive component with positive entropy. Then there exists at most one irreducible
part I C P such that u(p o #(S+(I)) N K) > 0 for some ergodic, atomless,

invariant, probability measure.

Assuming this proposition for the moment, we find that Iis independent of
. Therefore N, = II"Y(L) ~ ©(I) has zero measure with respect to any 7 €
MHIT-Y(L)), in fact any & € MH(S(P)).

Il is continuous, therefore II(X(I)) is topologically transitive. As it inter-
sects the transitive component L on an infinite set, it must be contained in it:
(L) > =().

So II"}(L) = ©(I) U N, and. setting N = N, the claim, and therefore the

structure theorem, are proved. [ ]

To prove the proposition above we first state a lemuna of Hofbauer which

subsists in our slightly different Markov extension:
LEMMA 7.4 (F. Hofbauer’s lemma 4 of [11]): Assume a.3 € T, (P) such that
(a) = II(B) € [0, 1] exists and does not belong to:

(7.1) H(fyu ] e

k>0
Then there exists n < oo such that:

o™a) =o" ().

Proof: Let A = 7(a). There exists B_;--- By € I.(f, P), with By = Ao, such
that ag = sig(B_;- - - Bp). By Lemma 5.4 (iii),

o =sig(B_m -+ B_1Ag---Ay)  for k> 0.
Also, as f¥*™|[B_,, - - - Ai) is a bijection,
futx(B_p -+ B_14Ag- - Ar) = f¥(futx (B_m - - Bo) N [Ag - - - Ak)).

By assumption, the intervals [Ag - - - A reduce to {II(a)} as k — oo and II(a) is
not on the boundary of futx (B_,, - - - By). Thus there exists some k; > 0, such
that:

[Ao--- Adl C futx (B - Bo),
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in particular,
o =sig(Ag -+ Ag) for k > k.

The same is true with 3 instead of a for k£ > some k». Therefore, n = max(k;, ka)

has the stated property. ]

Proof of the proposition: Let J be a periodic interval such that A is
PEC(orb(J)). Let I, I; be irreducible parts of P such that the related inter-
section with K has positive measure with respect to some ergodic, atomless,
invariant probability measure. As we can avoid a set of zero measure, it is pos-
sible to select:
(i) @ € ©4(1)) such that = = II{a) € K N Q(f) exists and is not in the
backward orbit of the exceptional set (7.1) or in the boundary of orb(J).
(ii) v € T4 (I3) such that z = II(y) € K exists and is neither in the set defined
by equation (7.1) or in the countable set Y defined by Lemma 4.5.

Fix € > 0 such that B(z,¢€) C futx(ap) Norb(J). By Lemma 4.5,

U f¥B(z,€) Dorb(J)NY 3 2
k>0

so that there exists k > 0 such that f*B(z,¢) 3 z. As 2 ¢ U;so fH(C(S)), 2 is
in fact in the interior of f¥B(z,€). Set y € B(z,¢€) such that fz(y) = z and set
B =T'(y). According to Lemma 5.4 (iii), g and B together define an itinerary
8 on P such that 8y = ag and I(c*8) = 2.

Now we apply the previous lemma to 0*(3) and v: a*+"(3) = ™(7), for some
n > 0. This implies that I, precedes I,. By symmetry, the two irreducible parts

precede each other, and so are equal. |

Appendix A. Counter-examples

To THE EXISTENCE AND UNIQUENESS OF MAXIMAL ENTROPY TRANSITIVE
COMPONENTS.

We build for arbitrarily large r, and any € > 0, C" self-maps of the interval f;,
fo such that:

(1) f1 has no transitive component of maximum entropy and:

hunlf1) = - 108 R(fy).
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(ii) fa has infinitely many transitive components of maximum entropy and:

%log R(f2) — € < hiop(f2) < %log R(f2)

with € > 0 arbitrarily small.

SKELETON. Let r > 3. Set A = (3e¢)”. Pick a C* piecewise monotonic map
g: [0,4] — [0,4] respectively increasing, decreasing and increasing on the sub-
intervals: [0,1/2],[1/2,1],(1,4]; and such that:
(i) g(z) = Az for z € [0,3171].
(i) g([Tn,yn)) = A ¥[zpn,yn] With z, = 1+ %, Yn = Tn + ;}g forn>1
(v=23).
(iii) g(4) < 1.
(iv) maxg¢o,4 ]9’ (x)] = A (it is here that we need v = 3).
(v) g™ (z,) =g"®)(y,) =0forallk>1andn>1.
As g([1,4]) c [0,1], the topological entropy of g is bounded by that of the
3-shift with subsequence 22 excluded: hi,p(g) < log(1 + v/3) < log3.

EMBEDDING OF THE SUBSHIFTS. Select a C* map s: R — R such that, for all
n € Z,
(i) s(z+2)=s(z)forallz e R
(i) s(2n) = 0, s(2n+1) =1 foralln € Z and s: [n,n+ 1] — [0,1] is a
bijection, increasing if n is even, decreasing otherwise.
(iii) s*)(n) =0 for all k > 1.
(iv) maxger [s'(z)] < 2.
Let M, = 2E(m;;!3") + 1, n > 1 with m, > 1 a non-decreasing sequence of

positive integers such that lim, .o %log my, = 0. We define a map f: [0,4] —
[0, 4] by setting:
(l) f(.'l‘) = g(x) lf z ¢ Un21[xnsyn]-
(ii) f(.’L‘) = AT (xn + (y‘n - Zn)- S(Mni_——ﬁspﬁ;)) forz € Jn = [zmyn]'
We notice that, neglecting trivialities, each (orb(Jy),f) is a transitive
component isomorphic to some obvious subshift of finite type. In particular,

heop(florb(Jn)) = (n + v)~log M, / log3.

As each orb(J,) is invariant, we see that any ergodic, invariant probability
measure for f is concentrated either on some orb(J,), or on the set
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[0,4]~U,,5; orb(J,). The metric entropy is thus bounded by log3 in the first
case, and b_y hiop(g) <log(1+ V/3) in the second case. Therefore hyop(f) = log3
and the maximal entropy transitive components are to be found exclusively
among the orb(J,),n > 1.

Clearly f is C* in the neighbourhood of any point z € [0,4] ~{1} and:

sup | f'(z)] = (3¢°)".
z€[0,4] ~{1}

If f is C” in a neighbourhood of 1 then f*)(1) =0 for all 0 < k < r. So f is C"
on [0, 4] iff, when  — 0,

(1) limz_,gﬂml—m =0fork=0,...,7—1,

(2) fM(1+2z)—0.
We notice that these conditions are already satisfied for 1 + x restricted to
[0,4]NUp>y1 Jn- For & > 0 and 1 +z € UU,5qJn, writing n for the only
integer such that 1 +z € J,,

[f (1 +2)] < A" Man®E?

n2k—2

A-U e—enr

- k
my

We finally remark that, as 0 is a fixed point with f'(z) = A\, R(f) = M(f).
Therefore we obtain the announced counter-examples to:
(i) the existence of a maximum entropy transitive component, if we set € = 0
and m, = n?;

(ii) the finiteness of their number, if we set € > 0 and m,, = 1.

TRANSITIVE, C" MAP WITHOUT MAXIMAL MEASURE. Along the same lines
as in the previous counter-examples, it is possible to define a C™ map, with
M(f) = (e°3), for any finite r such that the dynamics of f reduces to the one
of the T.M.C. defined by the following graph G:

(1) G contains N,

(2) there is one path, of length 3"+, from n to all integers m > n—1, m # n,
(3) there are 3™~ paths of length 3" from n to n, for all n > v,
)

(4) there are no other arrows,

with v some positive integer.
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It is not difficult to see that A (2(G)) = log 3 (using Gurevic entropy [8]) and
that we can remove any finite number of arrows without changing the entropy.
Therefore G is not positive-recurrent (see I. Salama [18]) and it has no measure
of maximal entropy by B.M. Gurevi¢’s Theorem 7.1 above.

Appendix B. Semicontinuity of the metric entropy

We prove directly that local entropy bounds the defect in upper-semicontinuity
of the metric entropy (Proposition 3.2).

Let p be an invariant, probability measure on ([0, 1}, f). The metric entropy
of p is:

(7.2) h(p) = sup h(p, P)
where h(p, P) = infn>; 1 H,(PY™) with PV" the n-times iterated partition:
P =PV fiPv..vf " P = {Agnf 1A N0 f A, #0: A € P}

and H,(S) = — 3 45 1(A) log u(A).

Proof: First we are going to prove the following, apparently weaker, bound:

(7.3) huse(f) < hioc(f) +1og2.

That this implies the stated bound is standard: one considers f? instead of f
for ¢ — oo and remarks that
(i) hge(v) = qhs(v),
(ii) hloc(fq) < qh'loc(f) as hloc(fq:é) < thoc(f’ 6) as soon as lz - yl <éb =
If¥(z) - fFf@y)| < efork=0,...,q—1,
so that one may divide by ¢, replacing log2 by '353 — 0.

To prove (7.3), let ¢ > 0 and p be an invariant probability. Select a finite
partition @ with diameter r so small that hjo.(f,7) < hioe(f) + € and such that
(U 4eq 94) =0, so that p is a point of upper-semicontinuity of v — h(v, Q).

Clearly, for any finite partition P,

(s, P) < h(s, @) + liminf ~ H, (PV"Q"")

with H,(S|T) = H,(S vV T) — H,(S) the conditional entropy of S knowing 7.
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We proceed as in the proof of the variational principle by M. Misiurewicz [13].
By regularity of 1 and easy approximation results regarding the entropy of a finite
partition, one can restrict the partition P in (7.2) to be a compact partition
in the following sense:

P={K,,...,K,, U} with 1 < r < 0o and each K; compact.

We claim that, for any compact partition P:

lim sup -TIIH‘,(PV"IQV") < hioe(f) + log 2 + 2.

n—00

Once the claim will be proved for € > 0 arbitrarily small, (7.3) and therefore the
proposition will follow. We turn to the claim:
It is immediate that:

H,(PV"|Q"™) < log Juax, card{D € P"": DNE # 0}.

Let § = %miu{d(Ki,Kj) 141 # j} > 0as P is a compact partition. Every set
E € @V" is included in some (r,n)-ball. This Bowen ball can be covered using at
most e(tec(fir)tean < glhioc(N)+2€)n (§ n)-balls for large n. But if B is a (6, n)-ball,
F*(B) with 0 < k < n can meet at most one of the compact sets K; (maybe also
U).

Therefore the number of elements D of PY™ that may meet E is bounded by:

2ne(h|“(f)+2e)n’

proving the claim. [
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